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Abstract This paper describes Fréchet distribution as a random noise for capturing multimodalities, regime-switching and
change-points attributed to uniformly time-varying series via causality of fluctuations, extreme values and heavy-tailed time
series. Fréchet Mixture Autoregressive (FMAR) model of k-regime-switching, denoted by FMAR(k; py, ps,..., pr) Was

developed and Expectation-Maximization (EM) algorithm was used as a method of parameter estimation for the embedded
coefficients of AR of k-mixing weights and lag p;. The limiting distribution of the FMAR(k; py, p;,..., py) model via

Gnedenko-Fisher Tippet limiting property was derived to asymptotically approach an exponential function.
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1. Introduction

Some of the problems of time series are cyclical
fluctuation and regime-switching, full range of shape
changing predictive distributions (multimodalities), change
like behavior and inability to handle cycles traits that were
characterized by the data series [2]. Some non-linear time
series models such as Threshold Auto-Regressive (TAR),
and Self Exciting Threshold Autoregressive (SETAR) were
proposed contain the made mentioned stylized properties,
but were limited to two regime-shifting [8]. Mixture

Autoregressive (MAR) model MAR(k; p,, p,,..., P;)

proposed by [14] captured and modeled the aforementioned
stylized traits with strictly Gaussian or normal distributed
error term.

The problem of regime-switching model via mixture
models are yet to be fully and completely addressed by
MAR(k; py, py,..., pr) model with Gaussian random noise
[1].

According to [4], MAR(k; p1, P2y Pi)
time-series model has been statistically deficiency due to
inadequate to take into consideration multimodalities, large
fluctuations, heavy-tail and non-Gaussian distributional
random noise that are causal traits of the multimodalities and
tenure-changing. However, the MAR model with Gaussian
marginal distribution is noted to inadequately capture
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extreme events that are usually the causal of distortion
that leads to multimodalities and tenure-changing [7].
Consequently, the stated problem of MAR model with
Gaussian error term would be addressed by Fréchet random
noise, being one of the three Extreme Value Distributions
(EVDs). In other words, Fréchet Mixture Autoregressive
FMAR(k; py, py,-.., py) model with Fréchet error term will
be developed and derived as a substitute for MAR to capture
extreme events (outliers) that are causes of large fluctuations
in arising due to abnormal kurtosis and skewness. Hence,
this article develops, ascertains and estimates embedded
parameters (AR coefficients, mixing weights and Fréchet
coefficients) via Expectation-Maximization algorithm of the
FMAR(k; p1, py,.... py) process with k-regime-switching.
In addition, the limiting distribution (asymptotic property) of
the FMAR(k; pi, py,..., pr) model will be ascertained via
Gnedenko-Fisher Tippet limiting behavior as well as the
ergodic of the FMA process. The mean and variance of the
FMAR(k; py, pa,....pr) process will be ascertained as

well.

2. Literature Review

The history of mixture time series model was originated
and propounded by [15] in the late 1900s, when he used
normal mixture to model outliers and employ the method of
moments to decompose normal mixtures. He deduced that
Autoregressive Integrated Moving Average (ARIMA),
Self-Exciting Threshold Autoregressive (SETAR) model,
and other nonlinear models can only depict a unimodal
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predictive time series random noise distribution. He
affirmed that mixture model would be needed for stylist,
cyclical, switching tenure properties to be revealed.
Afterwards, [3] predicted with the MAR model and
deduced that MAR model possessed the attractive property
in such a way that spatial attributes of the conditional
density of its prediction contingents upon on the immediate
past events of the process. Additionally, he maintained that
the multiple steps’ distribution would be a collection
(mixture) of normal distributions if and only if the source
MAR model is a mixture of normal densities.

However, despite propounded of all these models, no
model studied the stationarity and ergodicity traits of MAR
related models. It was in line of this deficiency that [8]
propounded and affirmed the theoretical advantage of
Gaussian mixture autoregressive (GMAR) conditions for
stationarity and ergodicity to be met. They claimed that
GMAR properties were straightforward to establish. In
addition, they maintained that p™ order model can be
explicitly expressed in a (Optimal order (p) +1)— lengthy
stationary distribution with ascertained constant mixing
weights to connote mixture of normal probability
distributions.

In advancement, [7] proposed a novel nonlinear Vector
Autoregressive (VAR) otherwise called Gaussian Mixture
Vector autoregressive (GMVAR) model. They developed
and explained its asymptotic theory of maximum likelihood
whose usefulness is vital when dealing with bivariate time
series settings.

Furthermore, [6] proposed a new nonlinear time series
via a vector incorporation into the MAR model called
Vector-MAR (VAR) model otherwise known as Gaussian
Mixture Vector Autoregressive (GMVAR) model. They
affirmed and claimed that the GMVAR model can be

k Xt — o= X~ — X,
F(x(t)/f[_l)zP(X([)Sx/Ft—l) — S (D[ t — 0~ DX P pk Xt—pk j
i=1
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categorized as member of the mixture VAR models because
of its normally distributed error term, constructed and
developed for studying nonlinear models with time-varying
series that exhibited tenure changing traits. They maintained
that primarily the GMVAR model differs from the variety
of VAR models in the meaning of the mingling proportions
that regularize the tenure likelihoods.

[11] provided an up-to-date theoretical and
methodological developments on finite mixture models due
to its flexibility increasingly exploitation and applications.
They adopted the semiparametric technique way of
parameter estimation via the EM algorithm to carve out the
distributional shape changing, group-structure and cluster
analysis in the data captured to the model. Proposed models
reviewed were formulated to capture, and correct the
stylized properties; entire outrange of pattern switching
distributions (multimodalities), change points like behavior,
regime switching (capable of handling recurring periodical
sequence), and time-varying volatilities (conditional
means-variances), but no method/model yet to cater for
heavy-tailed, long-memory and non-Gaussian MAR model.
Hence, a full sketch FMAR(k; p,, p,,..., p,) model will

be developed such that its mean and variance will as
ascertained as well as its parameter estimation, limiting
distribution and ergodic process.

3. Specification of the Fréchet Mixture
Autoregressive Model

[10] and [13] defined a k-component of Mixture
Autoregressive (MAR) model MAR(K : p,,...,p,) to
be

)

Ok

Rewriting the k-component of MAR model in (1) in Fréchet Mixture Autoregressive FMAR(k; py, ps,.... py) gives

k Xt =P o= PrXem1 = P o X
— 1~ Ok0 = PhaXe-1 %, pk Xt-pk
X, = (W Br) q{
i=1

Oy

J 2

k k
where; Xp =@ o+ 1%+ X pp +6F 60 =X~ o~ dax = b phpi

Hiet =00 T PeaXim + P pXi—pi
Otherwise,
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p2
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pk
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with probability w2 & (a5, ;) 3)

with probability @, & (&, ;)
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Where, ¢pke(0,1),for k=1,...... ,K, p=l.Formixing weights oy +...+ @, =1, @; >0,for k=1---K ®(.) isthe

a+l a
Cumulative Distribution Function of the standard distributions, where &) & X, ~ g(x;;a, 8 )= ﬁ(ﬁ] exp —[ﬁj ,
Xt

2
with mean E(X)= ﬂf[l —lj and variance ¢ = ﬁz {F(l —Ej—[r(l —l)ﬂ for a>2.
a

a a

3.1. The Conditional Mean and Variance for FMA Model

The conditional mean and variance for FMA model of X, given the previous preceding values is as follow:

K K
E(x/ g(a, B)i1) = D (@ B )(¢ko Xy ot Bk X pi ) = 2 (@ Br) iy “
k=1 k=1

K pk
since, 4y, =Y. {?51'0 + ¢i1xt—pk] =0 + P Xi1 + e+ Bk Xe— pk

k=1 p=I1
1
The mean of Fréchetis E(X) = I (1 ——j, therefore
a

K K |
E(xt /g(asﬁ)t—l): z(a’kaakaﬂk)ﬂk,z = Z(wk,ak,ﬂk)ﬂkr[l—_J 5)

k=1 k=1 2

which relies on previous preceding values of the time series & g(«, f) is the PDF of Fréchet.

K K
E(x} 1 g(a, B)x,1) = Y. (0. B )o} + Z(wkaakaﬂk)ﬂl%,t
k=1 k=1

So,

K K K 2
Var(x, 1 g(a, B)x,-1) = Y (@, By )oi +Z(wkaakaﬂk),ul%,t - [Z(wkaakaﬂk)ﬂk,t]
k=1 k=1 k=1

2 2

K K K

But, {z (o, oy, By )'Uk’tJ = Z (a)k,ak,ﬂk)[,uk,, - Z(a)s,as , Bs ),uSJ J for s=t—1 (previous preceding values of
k=1 k=1 s=1

the time series that relies on "¢" the current values).

k=1 s=l1

K K 2
z (a)k s O aﬂk){;uk,t - z (ws en ,ﬂs ),us,t J =

K , (& 2 K 2
= Z (a)k’ak’ﬂk)/uk,t +[Z(ws’as’ﬂs)/us,tj _2(Z(a)s’asngs)ﬂs,t]
k=1

s=1 s=1

K , (& 2
= (0@ B i s +(Z(0)ks0‘ku3k)ﬂk,tJ

k=1 s=1

Therefore,

K K 2
Var(x,/ g(a, B)x,_1) = Y. (@, o, i )0k _EZ(Wbakaﬁk)ﬂk,tj (6)
=

s=1
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k=1
property of variance.

2
K K
The expression Z (o, o, By )0,% —(Z(a)k,ak, B ., ,] is a positive quantity. Hence, this meets the non-negative
s=1

2
1 2 1
Since the mean and variance of Fréchet PDF are; ,[)’F(l——j and o = ,32 {F(l——j—(r[l——jﬂ for a>2
o a a

respectively
Alternatively, Var(x,/g(a,f)x;_;) of equation (6) can be written as

K 2k 2
Var(x; | g(a. f)x, 1) = X (@, B)BR l:r(l—aij‘(r[l‘ijﬂ _(Z(a’k»akaﬂk)ﬂkr(l_L]J

k=1 k 1277 s=1 73

K 2
1
- Z(wksak’ﬁk)ﬂkr[l__] @)
s=1 3
3.2. Parameter Estimation for FMA via EM Algorithm

Adopting the Expectation-Maximization (EM) algorithm propounded by [10] for non-linear and regime-switching.

T T T T
Let X = {X1, Xp, . X, } 5 ={ag. @) B =B B Be) s ={beos b dopi ) ok = (@0, 04}
for k=1,---,K
Additionally, supposing that “S” is the unobserved random variable where S, is a k—dimensional vector such that
S:{SDSZ"">S;1}

S; = {Sl,SZ,---,St}T whose component is

g {l if X, originated from the jth weight (state)
it~

0, otherwise

For 1<;<K, thatis,

Let @ = {¢k O, 0, P }T be the universal space of parameters.
Given S, , the Fréchet distribution of the complete data (.X,,S;) is given by

Skt

K aj+l1 aj
_ Yk :Bkj (ﬂkj
L(©) =]]| o k| 2= -| £& (8)
+(©) 1 kﬁk(yt 283 X,

n n
If L(®)= ZLt is the log-likelihood. Letting L(0®) = Z L, be the joint conditional log-likelihood function for large
t=l1 t=L+1
sample size (n) for maximizing the function gives

Skt

K o ﬁ oy +1 ﬁ aj
L(®)=1 —k[—"j —[—"j )
‘ ogg %% X, o | 5

n K K K K K K
a B -
L(®)= Z z S, log(wy ) + Z S, log =%+ Z S0y log B + Z Sirop log X, + Z Sks logyk— Z Sktﬂ;:k X; % 1 (10)
t=L+1 k=1 k=1 k k=1 k=1 k=1 t k=l
Pk
Where X; =g +@px_ + + X pke =Pro +Z¢kixt—ki First derivatives of L(®)w. r. t each of the parameter
i=l
gives,
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no(S S
Vi L©) = Y (ﬂ—ﬁ] for k=1, K1 (1)
=L+1\ Wk WK
v, 1@=3 s - o 1 12
4ol@) = D Sk, o B (12)
=L+ t X,
L (o Sk, =Sk —ap—1 a1
V¢k.L(®): Z [%ﬁLak(SKtﬂ;?kXtak Xt—oilk )
t=L+1 X1
L o —1 a —ap -1 —aj—1
=y SK{ £ +ak,3kk(X, k= x, ok ) (13)
1=L+1 XXy l

no(S, ~ ~ ~
Vo L(O)= 3 (a—tJrSkthgﬂk + Sy log X, = Sg Sy X K ek + Sy e X, akﬁk}

t=L+1\ “k
=y Sk,(a—lkﬂogﬂk +10gXt—Xt_ak,b’k(eak—e_ak)] (14)
t=L+1
_ - Sk _ pOk Ok
VIBkL((a)_t:LZ+1 b (1 Bk X, ) (15)

For k=1,2,---,K; i=0,---, pk
Then, the second derivatives of individual coefficient estimated from (11) - (15) depends of setting a function x, to bea

n o n

random variable at time "t¢" and counter "

1 i =0
ol
t—i
V2 1(@)=- Y SL;_SL; 6
t=L+1 wK a)k
Vka((’D)ijL(@):_ él[ LZ‘;J fOV k?ij (17)
=L+ k
V2 1@=73 S /S S I S — (18)
o © l:%l K h()ct_l-)2 h(xt—i 2 k[ k h(xt—i)Z(akH)
n S P
V¢kaiL(®)v¢kojL(®) = ; lﬁh()((l”k -D+
t=L41 M\ K= ) P\ X
a 1 o
Ay ﬁkk P - for i# ] (19)
h(xi-4) h(xtﬁ) ¢
Vi H®)= 3 se| | 4t (X[ “h(x,, )2(“"1)j (20)
! (=L+1 X, h(x
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V, OV, 1(O)- S Skl % 1 ;

t=L+ X, h(xt_l_ )2 h(xt_j )2
ﬁ’ { Y%k lh(xt_l, )2(ak_l)h(xt_j )2(0%—1)DJ for %) o
ak akL(®) t%:HSk{h( 3 h(x)” ﬁk( 20k _ 2% )J 22)

V, (O, @)= § s, L

t=L+1 h(xt—i)h(xt—j)

_ 2o ; . _ .
M) 2 H () (P ke )j for k#j (23)

V, OV, (@)= 3 -k (g i (24)

t=L+1 k
VOV, 1(O)= t;I S’Z“"( okt kX, fj Jor k=j (25)
+ J

Adopting the EM algorithm for estimating the parameter space ® in L(®) of (10).

(a) The first step of the Expectation-Maximization algorithm which stands for E-step, If each of the coefficient (parameter)
in the parameter space © is known, such that the unknown values of the unobserved data ( N ) is then substituted

by enforcing their means on each coefficient on the observed data X:. Subjecting ¥, , has the enforced mean on

Si ¢ » then the individual probability of ‘¥'; , is the total probability of the enforced means over individual mean, as

aj+1 aj
a (A" (P
gl %] el %)
¥, = (26)

given in equation below:

k=1

For k=1,,K; t=L+l-,m S, =¥,

(b) The M-step where the unknown values of S is presumed via guessing and their enforced means are assumed to be the
coefficients. The mixing weight per each regime is then estimate via

27

For ¢, Pk > where k=1,---, p, such that the estimates of parameters of these two steps are iterated until convergence is

reached. The criterion for checking convergence was obtained by [12] as,

®s‘+l et
max| |—L—1: 5, j>1[<107 (28)

S
0

for © being the j™ component of ©° .
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3.3. Limiting Distribution (Asymptotic Property) for FMA Model

The Limit distribution (Asymptotic property) for FMA model would be based on limiting laws for Extreme Value
Distributions stated by Gnedenko-Fisher Tippet theorem [9].

The theorem stated that: Let { X; }n ' be a sequence of IID random variables of sample size (n) with common Cumulative
1=

Density Function F(x,) with its maximum denoted as A, = (X 1L Xo, X n) such that distribution (Limiting behavior )
of M, as the sample size (n) approaches infinity is

n
P(M, <x,)=P(X,<x,Xp<x,<X,<x)=[]P(X;<x)=F"(x)
i=1

Investigating the wavering of M, in a similar vein to that of Central Limit Theorem (CTL) for sum of the random

n
variables §, = ZX ; » then the distribution of F(x) belongs to the maximum domain of non-degenerate distribution
i=1

G:(x,) if there exist sequences of constants {a,} and {h,}>0 , such there exist a real value x, for

lim P(M"—_b” SxtJ = lim F"(a,% +b,) > G:(x) xR,

n—>0 an n—»0

Such that G (x,) is non-degenerate distribution function, and G(x;) belongs to any of the G (x;)
Starting with,

M, -b
Pr(% Sx,j:F" (a,x; +b,)
n

the Cumulative Distribution Function for Fréchet is
F(x)=Pr(X, <x)=exp(-x,) " x,20,a>0 (29)
So,

p,{M”—_b" sz]:{eXp{_(aan +b, )}}—an (30)

n

K pk
Where, X, =¢k,0 +¢k,1xt—l +“'+¢k,pxt—pk = 1;{% + zl¢i1xt—ka
= p:

2
K pk “ K pk “
~exp<—| a, z ¢l~0+z¢ﬂx,_pk +b, +expy—| a, Z ¢,~0+Z¢l~1xt_pk +b,

k=1

p:l k=1 p:]
3a
K pk
+exps—| a,| 2| dio+ D b pic | |+ Foee (31)
k=1 p=1

1

2 1

. .. o . n -
According to [5], the normalizing constants of a, and b, for Fréchet distribution are approximately — and n¢

respectively, where "n" is the set of natural numbers.

1

1((k pk 1k rk
=expin® || D 1o+ D Gaxepr ||+ [[Hexp2n || D dio+ D dxipi | |+
p=l1

k=1 p=1 k=1



8 Rasaki Olawale Olanrewaju ef al.:  Fréchet Random Noise for £-Regime-Switching Mixture Autoregressive Model

l K pk
+exp{3n® Z[¢i02¢i1xl—ka +a bt (32)

k=1\_  p=1

Logarithm of both sides

ap

M, -b
logePr[ 1 ”Sx,jzlogeF"(anxt+bn)

M, -b
lim log, Pr( 7 SxtJ: lim log, F" (a,x; +b,)

n—»o0 a, n—»o0

M. —
log, lim Pr( n by Sxtjzloge lim F" (a,x, +b,)

0O—>n a, 00—

=> [i(@'o + § ¢i1xz—ka+a

i=1{ \ k=1 p=1

n K pk
=na+Y || D do+ D, Pi1%i— i (33)
i=1| \ k=1

p=l

Taking exponent of both sides so as to naturalize the logarithm

M, -b
exp[loge o})li)nn Pr( i <x, D = exp(loge lim F" (a,x, +b, ))

a, 0—>n

M, -b
lim Pr[ z SxtJ: lim F" (a,x, +b,)

0—>n a, 0—>n

n K pk
=exp| na + Z Z &0 + z ¢l~1xt_pk (34)
i=1\ \ k=1 p=1
Which means that as n — oo, the limiting distribution of the FMA asymptotically approaches

n K Pk
exp| na + z Z [¢i0 + Z ¢i1xtka

i=1{ \ k=1 p=1

3.4. Ergodic Process for FMA Model

Strictly stationary and ergodic processes for FMA model would be ascertained via
l on
;Zzsl[lt (0)-£(, (‘9))] = gj =0

Where, /,(6) &E (lt (9)) are likelihoods and expectations of likelihoods respectively.

lim P (max

[—>o

RS < ad X B X B S s
L©)= Y | D S log(@p)+Y Sp log=+>" Sy 0 log?+ D Sk 10g?— > SuBk X, (35)
t=L+1Lk=1 k=1 k k=1 k=1 t k=1

_E| S S S LTS B~ B Uk yrak
E(,(©)=E| Y ZSktlog(a)k)+ZSkllogﬂ +ZSk[aklogX +2SktlogX D Sk Bk X; (36)

t=L+1| k=1 k=1 k k=1 t k=1 t k=l

But,
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[(@)-E@(©)]=| X

t=L+1 k=1

n

| t=L+1| k=
From Jensen’s inequality,

So. [1,(0)-E(,(0)]<|

t=L+1| k=1

t=L+1 k=1

Recall, E(X,)= ﬂkr(l—LJ

t=L+1 rl1-—
Oy

n
X,
~ Y Spoy | log————
Br ( j

t=L+1

o

max
n

Ly o) 56,0))] -

t=L+1
since, I'(1)=1!=1

max

O Ew )] e -

t=L+1

K K K
Z Skioy log X; — Z Siylog X, — z Sktﬂ;?k

[ K K K
ZSktak log X, - ZSkt log X; _ZSkzﬂ/?k

z ZSktak 10gE

n
- > Sk [mgxtﬁkr(l—lﬂ—
t=L+1 A

lZle[lt (6)-E(1, (9))]‘: ~ i Siio 1ogm

k

Xt_ak :l _

k=1 k=1

[ K K
3| S saE(log X, )- S 8;,E(log X, ) ZSk,ﬂ,f‘kE( “”k)m 37)
k=1 k=1

E (1n (X )) <InE(X) for every positively integrable X.

X,“k}—

ZSktﬂk"E( X )m (38)

k=1 k=1

ZSktlogE
k=1

n o u 1 —Qf
Z Sktﬁkk X; k +ﬂkr[1__j (39
t=L+1 Ak

— i Skt [(logXtﬂkF[l—LD+
t=L+1 2

1) %
1—-} (40)
a
D Spay [log%]— > Skt((longﬂk)Jrﬂfk (Xz_ak +ﬂk)) (41)
t=L+1
> Spax [mgﬁJ— > Sie ((logXt/i’k)+ﬂ;:k (X,‘“k +,Bk))2 P
Pr t=L+1
= > s, ([ak log%] —((log X, B )+ B (X; % 4B, ))] > ¢ (42)
k

t=L+1

= lim P{

= t=L+1

4. Conclusions

The proposed model of FMAR(k;p,,p,s-.-,P;)

being one of the prominent models for extreme valued
mixture autoregressive was devised in order to sieze and
objurgate stylized traits; entire greater range of
multimodalities, regime-switching, (ability to handle
cycles), time-varying volatilities (conditional variances),

> S, [[ak 10gl)8(—;]—((10g X, B )+ Bk (X;"‘k LB, ))j > gJ <o (43)

time-varying mixing weights with Fréchet Probability
Density Function (PDF). Long-memory, heavy-tailed
distributed observations are the causal that arise to outliers,
change points like behavior, abnormal kurtosis, and
skewness. The formulated and proposed

FMAR(k; p,, p,,..., p,) Will be an ideal and substitute

mixture autoregressive model whenever heavy-tailed
distributed observations are the causal that arise to outliers,
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abnormal kurtosis, and skewness about the

regime-switching.

brings
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